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ON THE MINIMAL NUMBER OF SINGULAR FIBERS WITH
NON-COMPACT JACOBIANS FOR FAMILIES OF CURVES
OVER P1
XIN LU, SHENG-LI TAN, WAN-YUAN XU, AND KANG ZUO
Abstract. Let f : X → P1 be a non-isotrivial family of semi-stable curves
of genus g ≥ 1 defined over an algebraically closed field k with snc singular
fibers whose Jacobians are non-compact. We prove that snc ≥ 5 if k = C and
g ≥ 5; we also prove that snc ≥ 4 if char k > 0 and the relative Jacobian of f
is non-smooth.
1. Introduction
Let f : X → P1 be a non-isotrivial family of semi-stable curves of genus g ≥ 1
defined over an algebraically closed field k. Denote by s the number of the singular
fibers and snc the number of the singular fibers whose Jacobians are non-compact.
It is a classical problem to determine lower bounds for s and snc (cf. [Be81, Sz81]).
When k = C, it was first proved by Beauville (cf. [Be81]) that s ≥ 4. He
also conjectured that s ≥ 5 if g ≥ 2, which was confirmed by the second named
author [Ta95] based on the strict canonical class inequality for a family of curves.
There exist examples with s = 5 and g = 2 or 3. It is conjectured that s ≥ 6 if
g is sufficiently large. This was confirmed by Tu, Zamora and the second named
author in [TTZ] under an additional assumption that the Kodaira dimension of X
is non-negative.
The lower bound for snc is much more mysterious. For a long time, it was only
known that snc ≥ 4 holds for g = 1 by Beauville’s result (cf. [Be81]), due to
the simple fact that snc = s in the case. In [VZ04], Viehweg and the last named
author showed that snc ≥ 4 for all g ≥ 1 by using deep theories such as Simpson’s
correspondence. They also proved that if snc = 4, then the relative Jacobian of
f is the universal family of abelian varieties over a Shimura curve, which implies
in particular that such a family is actually defined over some number field. Very
recently, there is another proof of snc ≥ 4 given in [LTYZ] based on an inequality
for the Hodge number h1,1(X), which seems more natural. Examples of semi-stable
families over P1 with snc = 4 exist only for g = 1, 2 and 3 (cf. [Be82, LTYZ, LZ14]).
No such examples have been found for high genera. In fact, it was conjectured by
Viehweg and the last named author (cf. [VZ04]) that
Conjecture 1.1 (k = C). snc ≥ 5 for g ≫ 0.
When X is regular (i.e., q := h1(X,OX) = 0), the above conjecture was con-
firmed by Kukulies [Ku10], based on Viehweg-Zuo’s characterization of such families
and Sato-Tate’s conjecture for modular curves; see also [LZ14] for an alternate proof
using surface theory.
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The first main result of our paper is to prove the above conjecture.
Theorem 1.2 (k = C). Conjecture 1.1 is true. More precisely, snc ≥ 5 if g ≥ 5.
Remarks 1.3. (i). Since s ≥ snc, our result implies Beauville’s conjecture for g ≥ 5,
which was proved earlier by the second named author [Ta95].
(ii). If one removes the assumption on the semi-stability of f , then it is only
known that s ≥ snc ≥ 3 (cf. [Be81]). Even if we require two of the singular fibers to
be semi-stable, there still exist infinitely many examples with exactly three singular
fibers (cf. [GLT]).
Our next purpose is to consider the similar question in the positive characteristic
case. When k is of characteristic p > 0, Szpiro [Sz81] first proved that s ≥ 3
and he also showed that s ≥ 4 under the assumption that X is of general type.
Later, Nguyen proved in [Ng98] that s ≥ 4 without any assumption on the total
surface X , which is an analogue of the Beauville’s result (cf. [Be81]) in the positive
characteristic case. Instead of finding the lower bound on s, we prove a lower bound
on snc if the relative Jacobian of f is non-smooth over P
1. More precisely,
Theorem 1.4 (char k > 0). Assume that the relative Jacobian of f is non-smooth.
Then snc ≥ 4.
Remarks 1.5. (i). Similarly, the above theorem implies Nguyen’s result s ≥ 4 (cf.
[Ng98]) if the relative Jacobian of f is non-smooth due to the fact that s ≥ snc.
(ii). The assumption that the relative Jacobian of f is non-smooth is crucial in
our theorem. Actually, Moret-Bailly [MB81] constructed a semi-stable family of
genus 2 curves over P1 defined over k with snc = 0, i.e., the relative Jacobian of f
is a smooth family of abelian surfaces.
(iii). If snc is indeed equal to 4, X would be very special. Actually, the numerical
data of the surface X is obtained in Section 4.
Our paper is organized as follows. In Section 2, we review some preliminaries
about families of curves. The main results, Theorems 1.2 and 1.4, are proved in
Sections 3 and 4 respectively.
2. Preliminaries
In this section, we would like to review some basic facts on families of semi-stable
curves and fix the notations which will be used freely. For more details we refer to
[Ba01, BHPV, Se58].
Let f : X → B be a relatively minimal fibration of genus g ≥ 1 defined over
an algebraic closed field k, i.e., there is no (−1)-curve contained in fibers of f . A
fiber F is called semi-stable (resp. stable) if it is a reduced nodal curve, and every
smooth rational component intersects the rest part of F at least two (resp. three)
points. f is said to be semi-stable if all singular fibers of f are semi-stable, and
isotrivial if f becomes trivial after a base change. Unless stated otherwise, the total
surface X is supposed to be smooth.
Let KX be the canonical divisor of X , ωX/B = ωX ⊗f
∗ω∨B the relative canonical
sheaf, χ(OX) =
∑
(−1)ihi(X,OX) the Euler characteristic of the structure sheaf,
and χtop(X) =
∑
(−1)ibi the topological Euler characteristic of X , where bi’s are
the Betti numbers of X . We should mention that, for an arbitrary field k, the
Betti numbers are defined by l-adic cohomology, i.e., bi(X) = dimH
i
e´t(X,Ql) (here
l 6= char k); and for k = C, the Betti numbers defined by l-adic cohomology coincide
with that given by singular cohomology. Moreover, one has bi = b4−i by Poincare´
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duality theorem. The relative invariants of f are defined as follows:
χf := deg f∗ωX/B, K
2
f := ω
2
X/B , δf :=
∑
F is singular
δ(F ), (2-1)
where
δ(F ) = χtop(F )− (2 − 2g).
Let b = g(B) the genus of B. It is well-known that
χf = χ(OX)− (g − 1)(b− 1),
K2f = K
2
X − 8(g − 1)(b− 1),
δf = χtop(X)− 4(g − 1)(b− 1).
(2-2)
These relative invariants are all non-negative. They also satisfy the Noether’s for-
mula
12χf = K
2
f + δf . (2-3)
Note that when f is semi-stable, δ(F ) is nothing but the number of nodes con-
tained in F for any singular fiber of f . From now till the end of the section, we
assume that f is semi-stable, and would like to give a more concrete description of
the nodes of a singular fiber F .
Definition 2.1. (i). Assume F =
l(F )∑
i=1
Γi, and Γ˜i is the normalization of Γi. Then
the geometrical genus of F is defined to be g(F ) =
l(F )∑
i=1
g(Γ˜i).
(ii). Let q ∈ F be a node of F . Then q is said to be of type i ∈ [1, g/2] (resp.
0) if the partial normalization of F at q consists of two connected components of
arithmetic genera i and g − i (resp. is connected). Denote by δi(F ) the number of
nodes of type i in F .
Lemma 2.2. For any semi-stable fiber F =
l(F )∑
i=1
Γi, one has
δ(F ) = g − g(F ) + l(F )− 1. (2-4)
Proof. Let Γ˜i be the normalization of Γi, and pa(Γi)
(
resp. n(Γi)
)
be the arithmetic
genus (resp. the number of nodes) of Γi. Then
g(F ) =
l(F )∑
i=1
g(Γ˜i) =
l(F )∑
i=1
(
pa(Γi)− n(Γi)
)
, pa(Γi) = 1 +
Γ2i +KX · Γi
2
,
δ(F ) =
∑
i<j
Γi · Γj +
l(F )∑
i
n(Γi), 0 = F
2 =
l(F )∑
i
Γ2i + 2
∑
i<j
Γi · Γj .
Combining the above equalities with the fact that
l(F )∑
i
KX · Γi = KX · F = 2g − 2,
one obtains (2-4). 
Note that F has a compact Jacobian if g(F ) = g. Hence by the above lemma,
F has a compact Jacobian, ⇐⇒ δ(F ) = l(F )− 1,
⇐⇒ the dual graph of F is a tree, ⇐⇒ δ0(F ) = 0.
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Let Υ → ∆ (resp. Υct → ∆ct, resp. Υnc → ∆nc) be the singular fibers (resp.
singular fibers with compact Jacobians, resp. singular fibers with non-compact
Jacobians) of f . Define δh(F ) =
[g/2]∑
i=2
δi(F ), and
δi(Υ) =
∑
F∈Υ
δi(F ), δi(Υct) =
∑
F∈Υct
δi(F ), δi(Υnc) =
∑
F∈Υnc
δi(F ).
δh(Υ) =
[g/2]∑
i=2
δi(Υ), δh(Υct) =
[g/2]∑
i=2
δi(Υct).
(2-5)
Then 
δ(F ) =
[g/2]∑
i=0
δi(F ) = δ0(F ) + δ1(F ) + δh(F ),
δf =
[g/2]∑
i=0
δi(Υ) = δ0(Υ) + δ1(Υ) + δh(Υ).
(2-6)
3. Lower bound for snc when k = C
The section is devoted to proving Theorem 1.2. We first recall the Miyaoka’s
inequality and canonical class inequality in Section 3.1. The proof of Theorem 1.2
is complete in Section 3.2.
3.1. Miyaoka’s inequality and canonical class inequality. We recall Miyaoka’s
inequality [Mi84] as follows. See also [Hi86] more details.
Theorem 3.1 ([Mi84, Corollary1.3]). Let X be a smooth surface over C such
that the canonical divisor KX is numerically effective (nef), E1, · · · , En be disjoint
ADE curves on X, and D be a reduced normal crossing curve on X which does not
intersect Ei for each i. Then
n∑
i=1
m(Ei) ≤ 3
(
χtop(X)− χtop(D)
)
− (KX +D)
2. (3-1)
where m(E) is defined as follows,
m(Ar) = 3(r + 1)−
3
r + 1
,
m(Dr) = 3(r + 1)−
3
4(r − 2)
, ∀ r ≥ 4,
m(E6) = 21−
1
8
,
m(E7) = 24−
1
16
,
m(E8) = 27−
1
40
.
Applying Miyaoka’s inequality in the case of surfaces fibred by a family of semi-
stable curves, one has the following generalized canonical class inequality.
Lemma 3.2. Let f : X → B be a non-isotrivial semi-stable fibration of genus
g ≥ 2 defined over C with singular locus Υ → ∆, and D be a reduced normal
crossing curve on X. Assume that ∆ = ∆1 ∪∆2 with Υi = f−1(∆i), and D ⊆ Υ2.
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Then for any e ∈ N∗ such that 2g(B)− 2 + e−1e · |∆1| ≥ 0, we have
K2f ≤ (2g − 2)
(
2g(B)− 2 + |∆1|
)
+ 3δ(Υ2)− 3χtop(D)− (2Kf +D) ·D
+
3δ(Υ1)
e2
−
(2g − 2)|∆1|
e
.
(3-2)
Proof. Let pi : B˜ → B be a base change of degree de totally ramified over ∆1 with
ramification index e. By Kodaira-Parshin construction (cf. [Vo88]), such a base
change exists. Let f˜ : X˜ → B˜ be the pull-back fibration, i.e., it is the relatively
minimal smooth model of the fiber-product X ×B B˜ → B˜. Let Π : X˜ → X the
induced morphism.
X˜ //
f˜
##❋
❋❋
❋❋
❋❋
❋❋
❋
Π
))
X ×B B˜ //

S
f

B˜
pi // B
By assumption, g
(
B˜
)
≥ 0. Hence X˜ is minimal of general type. In particular
KX˜ is nef. Note also that for any node q of F with F ∈ Υ1, Π
−1(q) consists of d
disjoint curves of type Ae−1. Now applying Theorem 3.1 to X˜ by taking all these
inverse image of nodes of F with F ∈ Υ1 as ADE curves and D˜ = Π−1(D) ⊆ X˜ as
the reduced normal crossing curve, one gets
δ(Υ1) · d
(
3e−
3
e
)
≤ 3
(
χtop(X˜)− χtop(D˜)
)
−
(
KX˜ + D˜
)2
. (3-3)
Note that
2g(B˜)− 2 = de ·
(
2g(B)− 2 +
e− 1
e
· |∆1|
)
,
δf˜ = de · δf , K
2
f˜
= de ·K2f , χtop(D˜) = de · χtop(D).
Thus (3-2) follows from (3-3) together with (2-2). 
Remark 3.3. Let ∆1 = ∆, D = ∅, and e → ∞ in (3-2). Then one gets the classic
canonical class inequality [Vo88],
K2f ≤ (2g − 2)
(
2g(B)− 2 + s
)
, s = |∆|,
which is in fact a strict inequality proved earlier by the second named author [Ta95]
for s 6= 0 and by Liu [Li96] for s = 0.
Corollary 3.4 ([LZ14]). Let f : X → B be as in Lemma 3.2. Then for any e ∈ N∗
satisfying 2g(B)− 2 + e−1e · snc ≥ 0, one has
K2f ≤ (2g − 2)(2b− 2 + snc) + 2δ1(Υc) + 3δh(Υc) +
3δ(Υnc)
e2
−
(2g − 2)snc
e
. (3-4)
Proof. For any p ∈ ∆c, let Dp be the union of elliptic tails of Fp, where a curve
D1 ⊆ Fp is called an elliptic tail if Fp = D1 ∪ D2, D1 · D2 = 1, the geometrical
genus g(D1) = 1, and the component C of D2 intersecting D1 is not a rational
curve with C2 = −2. It is easy to see that the number of irreducible component of
Dp is l(Dp) = δ1(Fp).
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Applying Lemma 3.2 to the family f : X → B by setting ∆1 := ∆nc and
D :=
⋃
p∈∆c
Dp, one obtains
K2f ≤ (2g − 2)(2b− 2 + snc) +
3δ(Υnc)
e2
−
(2g − 2)snc
e
+ 3δ(Υc)− 3χtop(D)− (2Kf +D) ·D.
Since δ(Υc) = δ1(Υc) + δh(Υc) and l(Dp) = δ1(Fp), it suffices to prove
3χtop(Dp) + (2Kf +Dp) ·Dp ≥ l(Dp), ∀ p ∈ ∆c. (3-5)
Since Fp has a compact Jacobian, each connected component of Dp consists of
a chain of rational curves plus one elliptic curves. Let Cp be such a connected
component. Then χtop(Cp) = l(Cp)− 1, Kf · Cp = 1 and C2p = −1. Hence
3χtop(Cp) + (2Kf + Cp) · Cp = 3l(Cp)− 2 ≥ l(Cp).
Therefore, (3-5) is proved; and hence the proof is complete. 
3.2. Proof of Theorem 1.2. We prove Theorem 1.2 by contradiction in the sec-
tion. Let f : X → P1 be a non-isotrivial semi-stable fibration of genus g ≥ 2
defined over C. According to [VZ04] or [LTYZ], it is known that snc ≥ 4. In order
to derive a contradiction, we assume that g ≥ 5 and snc = 4 in this section.
Let q := h1(X,OX) be the irregularity of X . By [LTYZ, Corollary1.12], we have
q ≤ 1 and
χf = g − q (3-6)
Applying Corollary 3.4 to our family f : X → P1, one gets
K2f ≤ 4(g− 1)+2δ1(Υc)+ 3δh(Υc)+
3δ(Υnc)
e2
−
8(g − 1)
e
, ∀ 2 ≤ e ∈ N∗. (3-7)
According to [LZ14, Theorem 4.2], which is essentially due to Moriwaki [Mo98,
Theorem D], we obtain
K2f ≥
4(g − 1)
g
· χf +
3g − 4
g
δ1(Υ) +
7g − 16
g
δh(Υ). (3-8)
Consider first the case q = 0. Note that δ1(Υc) ≤ δ1(Υ) and δh(Υc) ≤ δh(Υ) by
the definition. So it follows from (3-6) together with (3-7) and (3-8) that
g − 4
g
(δ1(Υ) + 4δh(Υ)) ≤
3δ(Υnc)
e2
−
8(g − 1)
e
< 0, if e is large enough. (3-9)
Since both δ1(Υ) and δh(Υ) are non-negative and g ≥ 5, we get a contradiction
from (3-9) (Actually, we can still get a contradiction even if g = 4 in the case).
Thus Theorem 1.2 is proved for the case q = 0.
Now we may assume that q = 1. Similarly, by (3-6), (3-7) and (3-8), we obtain
0 ≥
g − 4
g
(δ1(Υ) + 4δh(Υ))−
4(g − 1)
g
+
8(g − 1)
e
−
3δ(Υnc)
e2
. (3-10)
By [Yu10], the number of singular fibre s ≥ 6 since g ≥ 5 > 2. Hence δ1(Υ) +
δh(Υ) ≥ 2. Thus K2f > 4(g − 1) by (3-8). Combining this with Lemma 3.5 blow,
one gets K2f ≥ 5g − 6 + q = 5(g − 1). Hence δ(Υnc) ≤ δf = 12χf −K
2
f ≤ 7(g − 1).
Letting e = g in (3-10), one gets
0 ≥
g − 4
g
(δ1(Υ) + 4δh(Υ)) +
4(g − 1)
g
−
3δ(Υnc)
g2
≥
2(g − 4)
g
+
4(g − 1)
g
−
21(g − 1)
g2
=
3(2g2 − 11g + 7)
g2
,
which is a contradiction since g ≥ 5. The proof is complete. 
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Lemma 3.5. Let f : X → P1 be a relatively minimal fibration defined over C.
Then K2f ≥ 4(g − 1); moreover if K
2
f 6= 4(g − 1), then K
2
f ≥ 5g − 6 + q, where
q = h1(X,OX) is the irregularity of X.
Proof. (Zamora, Alexis G.) The first statement is proved in [TTZ, Theorem 2.1]
based on the fact that A := KX + F is nef, where F is a general fibre of f .
Note that K2f = A
2 + 4(g − 1). Hence if K2f 6= 4(g − 1), then A is nef and big,
which implies Hi(KX +A) = 0 for i = 1, 2 by Mumford vanishing theorem. Hence
by Riemann-Roch theorem, one has
0 ≤ h0(KX +A) = χ(KX +A) = χ(OX) +
1
2
(KX +A) · A = K
2
f − (5g − 6 + q).
This completes the proof. 
4. Lower bound for snc in the positive characteristic case
The main purpose of the section is to prove Theorem 1.4. Hence, we always
assume that the characteristic of k is positive. First, we have the following easy
lemma:
Lemma 4.1. Let f : X → P1 be a non-trivial semi-stable fibration of genus g ≥ 1
over an algebraically closed field k. Then
b2 −
(
2 +
∑
F∈Υ
(
l(F )− 1
))
=
(
g −
b1
2
)
· (snc − 4)−
∑
F∈Υnc
(
g(F )−
b1
2
)
, (4-1)
where l(F ) is the number of irreducible components in F , and b1, b2 are the first
and second Betti numbers of X.
Proof. Combining (2-2) with (2-4), one gets
2− 2b1 + b2 + 4g − 4 = δf =
∑
F∈Υnc
(
g − g(F )
)
+
∑
F∈Υ
(
l(F )− 1
)
.
By rearrangement, we obtain (4-1). 
Before going further, let’s recall some facts about the Albanese variety. It is
well-known that the Picard scheme Pic 0(P ) and the Albanese variety Alb(P ) exist
for any nonsingular projective variety P . For the construction, we refer to [Ba01,
§ 5]. We just remark here that
(1) Alb(C) is isomorphic to the Jacobian J(C) if P = C is a curve;
(2) the Zariski tangent space of Pic 0(P ) at the origin is canonically isomorphic
to H1(P,OP );
(3) Alb(P ) is the dual abelian variety of Pic 0(P )red, where Pic
0(P )red, called
the (classical) Picard variety of P , is the the reduced part of Pic 0(P ).
In particular, one has
q := dimH1(P,OP ) ≥
b1
2
= dimAlb(P ) = dimPic0(P ). (4-2)
It is a little different from the characteristic zero case where we always have q = b12 .
In fact, there do exist surfaces in the positive characteristic case with q > b12 , see
[Ig55] and [Se58].
The following lemma, whose proof is an analogue of [LTYZ, Lemma 4.1], is a
generalization of [Be81, Lemma1] in characteristic zero case.
Lemma 4.2. Let f : X → P1 be as in Lemma 4.1, F any fiber of f , and g(F ).
the geometrical genus of F . Then g(F ) ≥ b12 .
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Proof. Let F˜ be the normalization of F and F˜ → X the induced morphism. By
the universal property of the Albanese variety, we have a natural map β : J(F˜ )→
Alb(X). Denote by A = Alb(X)/Imβ the quotient abelian variety, and α : X → A
the induced map. α(F ) is a point in A since J(F˜ ) maps to a point in A. Therefore,
by the rigidity theorem, α contracts all fibers of f . So α factors through f .
X
α //
f

A
P1
ϕ
>>⑦
⑦⑦
⑦⑦
⑦⑦
Since the image of X in Alb(X) generates Alb(X), the image of X in A generates
A, i.e., A is generated by α¯(X) = ϕ(P1). However, it is well-known that an abelian
variety cannot contain any rational curves. Hence ϕ(P1) is a point, which implies
dimA = 0. Equivalently, β : J(F˜ ) → Alb(X) is surjective. Therefore, g(F ) =
dim J(F˜ ) ≥ b12 = dimAlb(X) as required. 
Now we are able to prove Theorem 1.4.
Proof of Theorem 1.4. Let ρ be the rank of the Ne´ron-Severi group NS(X). Then
we have b2 ≥ ρ by Igusa [Ig60] and ρ ≥
(
2 +
∑
F∈Υ
(
l(F )− 1
))
by Beauville [Be81].
Combining these with Lemmas 4.1 and 4.2, we get(
g −
b1
2
)
· (snc − 4) ≥
∑
F∈Υnc
(
g(F )−
b1
2
)
≥ 0. (4-3)
Since the relative Jacobian of f is non-smooth, Υnc 6= ∅. By Lemma 4.2, one
has g > g(F ) ≥ b12 for any fiber F ∈ Υnc. Therefore, it follows from (4-3) that
snc ≥ 4. 
Recall that an algebraic surface X is said to be Shioda-supersingular if b2 = ρ.
The above proof also shows the following proposition.
Proposition 4.3. Let f : X → P1 be as in Lemma 4.1. Then either snc ≥ 4 or
g = b12 . Moreover,
(i) if snc = 4, then X is Shioda-supersingular, g(F ) =
b1
2 for F ∈ Υnc, and
b2 = 2 +
∑
F∈Υ
(l(F )− 1); (4-4)
(ii) if g = b12 , then X is Shioda-supersingular, the relative Jacobian of f is a
non-trivial smooth family of abelian varieties over P1, and (4-4) holds. The image
of the Albanese map of X is a surface if moreover g ≥ 2.
Proof. It follows from (4-3) that snc ≥ 4 or g =
b1
2 . And if either snc = 4 or g =
b1
2 ,
one has
b2 = ρ = 2 +
∑
F∈Υ
(l(F )− 1).
Hence X is Shioda-supersingular and (4-4) holds. It follows also from the proof of
Theorem 1.4 that the relative Jacobian of f is smooth if g = b12 , and g(F ) =
b1
2 for
F ∈ Υnc if snc = 4, due to the fact that g ≥ g(F ) ≥
b1
2 for any fiber F by Lemma
4.2. It remains to prove that if g = b12 , then the image of the Albanese map is a
surface.
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Assmue that g = b12 , and let α : X → Alb(X) be the Albanese map and F be a
general fiber of f . Suppose that Im(α) = C is a curve. Then C is smooth of genus
g(C) = dimAlb(X) = g. Consider the following diagram.
F 

//
pi
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
X
(α,f)
//
α

C × P1
C
It is clear that pi : F → C is surjective. Note that pi is a composition of a purely
inseparated morphism pi1 : F → F ′ and a separated morphism pi2 : F ′ → C;
moreover, F ′ is isomorphic to F as abstract schemes and pi1 is a composition of
Frobenius morphisms (cf. [Ha77, § IV-2]). Since f is non-isotrivial, one obtains
that deg pi2 = d ≥ 2. Thus
2g − 2 = 2g(F ′)− 2 ≥ d · (2g(C)− 2) ≥ 2(2g − 2),
which is a contradiction, since g ≥ 2. The proof is complete. 
Corollary 4.4. Let f : X → P1 be as in Lemma 4.1. If X is not Shioda-
supersingular, then s ≥ snc ≥ 5.
Acknowledgements: We would like to thank Abolfazl Mohajer for his interest and
a careful reading.
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